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Finite Temperature Quark Confinement via Chromomagnetic Fields 

Michael Ogilvie''* 

'^Department of Physics, Washington University, 
Campus Box 1105, St. Louis, MO, USA 

A natural mechanism for finite temperature quark confinement arises via the coupling of the adjoint Polyakov 
loop to the chromomagnetic field. Lattice simulations and analytical results both support this hypothesis. Finite 
temperature SU(3) lattice simulations show that a large external coupling to the chromomagnetic field restores 
confinement at temperatures above the normal deconfining temperature. A one-loop calculation of the effective 
potential for SU(2) gluons in a background field shows that a constant chromomagnetic field can drive the Polyakov 
loop to confining behavior, and the Polyakov loop can in turn remove the well-known tachyonic mode associated 
with gluons in an external chromomagnetic field. For abelian background fields, tachyonic modes are necessary 
for confinement at one loop. 
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1. INTRODUCTION 

The utility of the Polyakov loop V makes finite 
temperature lattice gauge theory a natural place 
to study confinement. A key issue is the mech- 
anism which drives the Polyakov loop expecta- 
tion value to zero in the confined phase. In sec- 
tion 2, it is shown that a large external field cou- 
pled to Ff^u restores confinement above the decon- 
finement temperature, explicitly demonstrating a 
connection between the chromomagnetic field and 
confinement. In section 3, analytical results for 
SU{2) give a form for the coupling between V 
and F,,,,. 



2. RESTORATION OF CONFINEMENT 
ABOVE Tc BY AN APPLIED EXTER- 
NAL FIELD 

An external field J^j, can be coupled to the 
gauge field F^^ by adding to the lattice action a 
term of the form 



(1) 



where the sums are over lattice sites, directions 
in space-time and directions in the Lie algebra of 
the gauge group. For the lattice form of the gauge 



potential, the simplest definition is used: 
F,A^) = ^ [C/^.(x) - C/+ (x)] . 



(2) 



For lattice simulations, it is most convenient to 
not fix the gauge, as would be necessary in the 
continuum. As a consequence, the partition func- 
tion Z satifies 



(3) 
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For the case we consider where J is non-zero in 
a single hyperplane, this property of Z under lo- 
cal gauge transformations implies that Z depends 
only on the eigenvalues of J. 

Figure 1 shows the results of simulations of 
SU{3) lattice gauge theory on a 16^ x 4 lat- 
tice at /3 ~ 6.0, plotting the Polyakov loop P 
against source Jj^2 "^34 • The superscript 3 
indicates that the source is in the A3 direction 
in the gauge group, while the subscript indicates 
sources coupled to F^i, in the 12 and 34 direc- 
tion, thus coupling to the real chromomagnetic 
field and the imaginary chromoelectric field, re- 
spectively. With J = 0, /3 = 6.0 at A^^t = 4 is 
well into the deconfined phase of finite tempera- 
ture SU{3). The phase transition to the confined 
phase for sufficiently large J is obvious in the fig- 
ure. Examination of time series and histograms 
indicate that the transition observed in Figure 1 
is most likely first order. A comparison of J 12 and 
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Jf2 shows no evidence for asymmetry in the gauge 
group: A3 and As appear equivalent. A small dif- 
ference is seen between Jfj and J34, consistent 
with the more direct connection of the temporal 
plaquettes to Polyakov loops via the link elements 
C/4. 
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Figure 1. Trp{V) versus source J. 

The restoration of symmetry by a sufficiently 
strong external field coupled to the chromomag- 
netic field is reminiscent of the restoration of the 
normal phase from the superconducting phase by 
a strong magnetic field. It is natural from this 
point of view to consider the system in a dimen- 
sionally reduced form, in which the Polyakov loop 
play the role of a Higgs field in the adjoint repre- 
sentation, coupled to a three-dimensional gauge 
field. 

A complimentary approach is to view the ef- 
fect of the external field as changing the effective 
coupling constant. For the simple case considered 
here, it is possible to find an alternative form for 
the action by explicitly integrating over all local 
gauge transformations. The leading term in J^,y 
is proportional to Tr [ J^^,] Tr \F'^^'\ , with a neg- 
ative sign, indicating a reduction in the effective 
value of the gauge coupling /3. 

3. QUARK CONFINEMENT BY CON- 
STANT FIELDS 

One plausible scenario for confinement is that 
the coupling between the local gauge field F^^i, 



and the adjoint Polyakov loop produces an ef- 
fective action which leads to two different phases 
In the low temperature phase, there is a mag- 
netic condensate and the Polyakov loop indicates 
confinement; in the high temperature phase the 
magnetic condensate vanishes, the Polyakov loop 
indicates deconfinement, and the contribution of 
the thermal gauge boson gas dominates the free 
energy. This occurs because finite temperature 
effects naturally couple the local gauge field to 
Polyakov loops |^-|^. 

For SU{N), the fundamental and adjoint rep- 
resentation Polyakov loops are related by 

TrAiV) ^ \TrFiV)\^ ~ 1. (4) 

Clearly, when TrA{V) assumes its minimum value 
of —1, TrpiV) assumes the value 0. Thus, one 
way to produce confinement in the low tempera- 
ture phase is for the free energy to be minimized 
by minimizing the expected value of the trace of 
the adjoint Polyakov loop. 

The case of a constant background chromag- 
netic field in SU{2) illustrates this possibility. 
The color magnetic field and the Polyakov loop 
are taken to be simultaneously diagonal, and the 
color magnetic field H points in the 2:3 direc- 
tion. The Polyakov loop is specified by a con- 
stant Aq field, given in the adjoint representa- 
tion by Aq — (/)T3/2/3. The trace of the Polyakov 
loop is then given by TrpiV) = 2cos((/)/2) in 
the fundamental representation and by TrA{V) = 
1 + 2cos(0) in the adjoint representation. The 
external magnetic field we take to have the form 
A2 — HX1T3/2 which gives rise to a chromomag- 
netic field F12 = -ffT3/2. 

The one-loop contribution to the free energy 
has the usual form ||^-|^ of a sum over the log- 
arithms of modes. The crucial contributions to 
this mode sum comes from modes of the form 
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where the ujn — 27Tn/f3 are the usual Matsubara 
frequencies, and where the terms 2ff(TO-|-l/2±l) 
are the allowed Landau levels of the gauge field 
in a background chromomagnetic field. 

When = 0, the rt = and m = modes give 
rise to tachyonic modes for sufficiently small; 
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these in turn give rise to an imaginary part in 
the free energy . These same modes will give a 
strictly real factor to the determinant provided 



(6) 



The renormalized effective potential has real 
component 



Vr = 



^ Wo 



2t^ 
90^ 



•y^^ cos{n(f>) 

n=l 



n 



+ 2^ V2m + 3Ki[n/3y^{2m + 3)H] 

7n—0 

and imaginary component 
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At low temperatures, minimization of R.e(V) 
leads to = TT being preferred. This is shown in 
Figure 2, which plots the real part of the effective 
potential versus H/ ji^ at r//i = 0.25 for both (j) — 
and (f) — n. Unfortunately, examination of Vj 
shows that the lowest minima is not stable, lying 
just to the right of the stable region, so that this 
background field configuration remains unstable. 
The confining solution (0 = tt) is preferred over 
the perturbative vacuum only for sufficiently low 
temperatures. The tachyonic mode is responsible 
for (j) = TT being favored at low temperature, and 
appears in the expression for Vr as the Yi term. 
Analysis shows that, at one loop for an arbitrary 
abelian background field, tachyonic modes must 
occur when = if = tt is to be favored at 
low temperature. If there are no tachonic modes, 
(j) = is always favored. 

4. CONCLUSIONS 

There is strong evidence from simulations and 
perturbation theory for the relevance of the chro- 
momagnetic field in confinement, but we are still 
far from bulling a realistic model of the QCD 
vacuum. Directions for future research along the 
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Figure 2. V/fi^ at T/n = 0.25 for = and 



lines discussed here include simulations and ana- 
lytical work to determine the effect of a quenched 
random field J and to explore the behavior of in- 
stantons, monopoles and vortices in an external 
field. 
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